We study the effective interaction between DNA-binding proteins that arises from elastic stresses in the DNA when tension is applied. Using the wormlike chain model, we calculate the free energy cost of introducing multiple nearby bends in the DNA. We find that the bend deformation energy promotes aggregation to straighten the linker DNA, while twist resistance of the linker leads to damped oscillations in the coupling free energy between two proteins. We calculate the mean first encounter time for proteins sliding along DNA, indicating, in some cases, an optimal applied tension for protein assembly. Our results highlight the need to consider DNA twist even when no torsion is applied and the DNA ends are free to rotate. The variable-range oscillatory coupling between DNA-binding proteins may provide a versatile mechanism for tension-mediated gene regulation. DOI: 10.1103/PhysRevLett.102.178102 PACS numbers: 87.15.Àv, 05.20.Ày, 36.20.Ey The binding of multiple proteins to DNA plays an important role in reading and packaging the genome. DNA-binding proteins must communicate over a range of length scales to assemble transcription factor complexes or to condense the DNA into higher-order chromatin structures. While adjacent transcription factors may interface via direct protein-protein contacts [1] or by locally altering the DNA structure [2], such interactions are limited to only a few nanometers. In contrast, elastic stresses can propagate over hundreds of base pairs, allowing a protein to advertise its presence over a range that is inaccessible through solvent-mediated effects alone.
The binding of multiple proteins to DNA plays an important role in reading and packaging the genome. DNA-binding proteins must communicate over a range of length scales to assemble transcription factor complexes or to condense the DNA into higher-order chromatin structures. While adjacent transcription factors may interface via direct protein-protein contacts [1] or by locally altering the DNA structure [2] , such interactions are limited to only a few nanometers. In contrast, elastic stresses can propagate over hundreds of base pairs, allowing a protein to advertise its presence over a range that is inaccessible through solvent-mediated effects alone.
A number of proteins significantly bend DNA upon binding [3, 4] . It has been shown [5] , through consideration of bending deformation alone, that tension can induce attraction between bound proteins due to the ability for two aggregated proteins to align such that the distortion of the DNA is minimized. Here, we study the additional role of thermal fluctuations and twist in the coupling between bound proteins. We show that twist resistance leads to a complex elastic coupling potential with damped oscillations superimposed over an attractive interaction. These twist effects emerge despite the lack of external torque on the DNA. The inclusion of twist results in qualitative changes in the time of protein aggregation.
We build a model of two proteins bound to DNA. The DNA behavior is governed by the wormlike chain model (WLC) with twist [6] [7] [8] [9] , which treats the polymer as a continuous thread that opposes bending and twisting. The tension f couples to the end-to-end extension of the polymer. The Hamiltonian is given by
where s is the arc-length parameter, (0 s L),ũðsÞ is the normalized tangent, !ðsÞ is the local twist density at s, ¼ 2=ð10:46 bpÞ is the natural twist density of DNA, and l p ¼ 53 nm and l t ¼ 110 nm are the bend and twist persistence lengths, respectively [10, 11] .
While our qualitative results are independent of the precise protein geometry, we simplify calculations by modeling the DNA-binding proteins as two spheres with radius R between the center and the polymer midpoint. Each sphere wraps the polymer a fraction around its axis, corresponding to a bending angle of 2 between the entry and exit points. The sphere orientations fix the orientations of the polymer ends extending from each side. The spheres bind without twisting the bound polymer segments [i.e., !ðsÞ ¼ for bound segments]. We fix each sphere normal to coincide with the chain normal at the bound-segment midpoint, restricting the sphere to follow the natural twist of the chain.
The binding of two segments of length L B to two spheres gives a bending energy E bend ¼ k B Tl p L B =R 2 and a tension energy E ext ¼ Àfẑ Á ðÁr 1 þ Ár 2 Þ. The tension f couples to theẑ projection of the vector difference Ár k between the two ends of bound polymer on the kth sphere. Our model does not include direct interaction between the spheres, thus isolating elastic effects.
To find the free energy of the linker polymer segment, we need the partition function for a WLC with fixed end orientations. The Green's function for a WLC of contour length L with end orientations defined by the Euler angle triplets 0 and is expanded as [9] Gðf; j 0 ; pÞ ¼ X
where D and their Laplace inversion are given in Refs. [9, 12] .
The partition function for a polymer bound by two spheres with orientations p1 , p2 is obtained by multiplying the Green's functions for two tail segments, each with one end free to rotate, and a linker chain of length N with both end orientations fixed. Relative to the free-polymer partition function, the complete expression is
where g
, and mj i are residues of the continued fraction G mj 00 [9, 12] . The first two factors of Eq. (3) correspond to end segments of the polymer, the third factor corresponds to the linker chain, and subsequent factors pertain to bending, polymer contraction, and comparison to the free-polymer case. We assume infinite length of the end segments, reducing the relevant residue summations to include only the largest pole 0 of G 00 00 . The Euler angle triplets specifying the orientation of the spheres and polymer ends are schematically defined in the Fig. 1 inset.
The free energy ÁF total of two spheres bound to a polymer under tension is given by
the integral is evaluated by Monte Carlo integration. The partition function Q encompasses the coupling between protein orientations mediated by elastic stresses in the linker polymer. This full partition function allows us to calculate free energies over a large range of tensions, transitioning smoothly between looped, symmetric, and antisymmetric structures that could not be simultaneously modeled using approximate athermal methods such as those employed in Ref. [5] . Analysis of a singly clamped filament under tension shows that the relative contributions of entropy and enthalpy are approximately equal in the 0.1-1.0 pN range, indicating that thermal fluctuations play a significant role in the tension range where some of the effects of interest occur.
To visualize our model, Fig. 1 shows energy-minimized configurations of two spheres bound to a polymer under 4 pN tension. The spheres are the size of integration host factor-a typical DNA-binding protein [13] . Configurations in Fig. 1 demonstrate two offsetting effects. Bringing the spheres from long (D) to short separation (A) reduces the bending by offering the option to reorient the polymer ends to be collinear rather than bending twice between the spheres. This effect leads to a decrease in free energy upon bringing the spheres together. The path from configuration D to A in Fig. 1 oscillates between antisymmetric (D and B) and symmetric arrangements (C) due to the natural twist of the linker polymer. Since the symmetric arrangement bends the linker more than the antisymmetric, twist imparts a bending-deformation preference for the antisymmetric arrangement.
In Fig. 2 , we plot the total free energy ÁF total versus the linker length L for several tensions, using R ¼ 2:5 nm and ¼ 0:50. We include the free energy of binding two spheres to a polymer with no twist resistance (dashed curves in Fig. 2) . For l t ¼ 0, tension-mediated cooperativity results in a monotonically decreasing free energy as the spheres move closer together with an interaction length scale ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi k B Tl p =f q and an overall well depth ÁF total ðL ¼ 0Þ À ÁF total ðL ! 1Þ $ À ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi k B Tl p f p , consistent with previous studies of antisymmetrically aligned spheres with no twist resistance in the polymer [5] .
When resistance to twist is introduced (l t ¼ 110 nm), oscillations arise in the free energy profiles. As the spheres track along the polymer, the relative orientations cycle through symmetric and antisymmetric arrangements due to the polymer's natural twist. The free-energy oscillations in Fig. 2 reflect the coupling between twist and bend degrees of freedom. The oscillations have a period of 10.46 bp, corresponding to the natural twist, and a maximum amplitude that increases as the tension is raised, due to the inherent impact of tension on bending. The value l t ¼ 110 nm is sufficiently large to effectively restrict the spheres from reorienting against the twist resistance. Thus, the amplitude is determined almost entirely by the tensiondependent energy of introducing extra polymer curvature in order to accommodate the sphere phasing.
Since the coupling between the spheres arises due to bend deformation, it is dependent on the orientation of the chain ends exiting the spheres, dictated by the fraction wrapping . In Fig. 3 , we illustrate the impact of fraction wrapping by plotting the coupling free energy ÁÁF total ¼ ÁF total ðLÞ À ÁF total ðL ! 1Þ versus the distance between sphere centers L þ L B , which dictates the twist registry between the spheres. The inset of Fig. 3 gives minimumenergy configurations for the three values for chain length L þ L B % 52 bp; the corresponding free-energy values are marked by the three colored dots on the freeenergy curves. The oscillations observed in Fig. 3 exhibit a marked amplification from ¼ 0:25 to ¼ 0:40 and a subsequent decrease from ¼ 0:40 to ¼ 0:50 due to two offsetting effects. The oscillations arise due to the bend deformation difference between antisymmetric and symmetric arrangements; the limit of ! 0 diminishes this impact due to the lack of bend deformation. Although the oscillation amplitude tends to increase with , the overall free-energy well depth also increases, drowning out the oscillations. In addition, large bending angles lead to looped configurations where the sphere phasing can be accommodated without introducing extra curvature, further damping the oscillations.
Protein sliding via nonspecific binding is thought to be important for proteins to locate their target sites [14, 15] . The coupling demonstrated in Figs. 1-3 has a significant impact on the sphere-aggregation time via onedimensional diffusion. The mean first passage time (MFPT) for one sphere to diffuse close to another over these free-energy landscapes is obtained using the FokkerPlanck equation [16] . Our calculations have an absorbing barrier at 10 bp, a reflecting barrier at 1000 bp, and an initial separation of 200 bp. The times are calculated for a diffusion constant of 0:1 m 2 = sec , a value within the range of known protein sliding rates [17] . The mean first passage time along the flat potential at zero tension is MFPTðf ¼ 0Þ ¼ 0:20 sec . The mean first passage time difference ÁMFPT ¼ MFPTðfÞ À MFPTðf ¼ 0Þ is plotted versus the applied tension in Fig. 4 .
For our model with no twist resistance (dashed curves in Fig. 4) , the MFPT is always decreased compared to diffusion on a flat potential (i.e., ÁMFPT < 0). For small tension, the free energy well speeds up the encounter. As the tension increases further, the coupling length scale decreases, and the aggregation time approaches the zerotension aggregation time (ÁMFPT ! 0 as f ! 1).
The introduction of twist resistance (solid curves in Fig. 4) further complicates the kinetics. The free-energy oscillations act as kinetic barriers, increasing the aggregation time above values obtained from the bending effect alone. As demonstrated in Fig. 2 , the oscillations have a small amplitude relative to the overall well depth when tension is small. Thus, the solid curves and dashed curves in Fig. 4 track each other at small tensions. The growing amplitude of the oscillations with increasing tension leads to barriers that dominate the dynamics, causing the aggregation time to eventually be slower than the tension-free MFPT. Since ÁMFPT approaches 0 as the interaction length scale decreases at high tension, a maximum aggregation time is seen for all three values. An upper limit for the peak location is given by the tension where the interaction length scale is the same magnitude as the oscillation period. Beyond a tension of about 10 pN, all but one oscillation is damped out, and a further increase in tension decreases the MFPT. The exact peak location is determined by a balance between this damping of long-range interactions and increased maximum oscillation amplitude with tension. These results are qualitatively different from the twist-free prediction, which always predicts a net reduction in aggregation time. Twist effects can result in aggregation times up to 4 times greater than the zero-tension case.
Our results are relevant to any case where proteins bend DNA under tension. These findings are particularly applicable to single-molecule studies involving multiple proteins bound to DNA. For instance, optical trap setups have been used to study chromatin assembly by observing compaction of DNA into nucleosomes [18] . Experimental interpretation often rests on the assumption that nucleosomes are positioned over high-affinity sites with binding free energy about 6k B T stronger than binding to random sequences [19] . Our calculations indicate that the coupling free energy can be greater in magnitude at the tensions used. Thus, as single-molecule tension studies move towards more complex systems, the issues of twist and elasticity addressed here become increasingly important to understanding the underlying physics.
DNA elasticity plays a role in transcriptional regulation in vivo, through creation of DNA loops and propagation of torsional stresses [20] . The biological relevance of the phenomena described here depends on whether the genome is subjected to tensile forces under in vivo conditions. It must be noted that a regulatory role for elastic coupling would require only transient, localized tensions on the DNA strand, such as those which can arise from the action of various cellular motors. For instance, RNA polymerase can exert forces up to 20 pN [21] . If the polymerase is immobilized by attachment to cellular substructure or if its progress is blocked by obstacles, substantial tension on the DNA would result. In eukaryotes, chromatin contraction and expansion during cellular replication cycles may also lead to varying levels of tension on the genome [22] . As a number of transcription factors (e.g., catabolite activator protein [3] , TATA-binding protein [4] ) are known to bend DNA upon binding, tension-mediated coupling could provide a mechanism for response to cell cycle events by altering rates of transcription complex formation or quantizing protein spacing on the DNA.
Our analysis highlights the importance of considering twist in the interactions between DNA-binding proteins, even when no torque is applied. We show that attraction between proteins can be counteracted by oscillations in the free energy that arise from twist resistance. These effects should be taken into consideration in future studies of chromatin compaction. Furthermore, the proposed variable-range coupling between DNA-binding proteins may contribute to tension-mediated gene regulation.
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